We present schemes for geometric phase compensation in adiabatic passage which can be used for the implementation of quantum logic gates with atomic ensembles consisting of an arbitrary number of strongly interacting atoms. Protocols using double sequences of stimulated Raman adiabatic passage (STIRAP) or adiabatic rapid passage (ARP) pulses are analyzed. Switching the sign of the detuning between two STIRAP sequences, or inverting the phase between two ARP pulses, provides state transfer with well defined amplitude and phase independent of atom number in the Rydberg blockade regime. Using these pulse sequences we present protocols for universal single-qubit and two-qubit operations in atomic ensembles containing an unknown number of atoms.
Quantum information can be stored in collective states of ensembles of strongly interacting atoms [1] . This idea can be extended to encoding an entire register of qubits in ensembles of atoms with multiple ground states [2] which opens up the possibility of large quantum registers in a single atomic ensemble [3] , or of coupling arrays of small ensembles in a scalable atom chip based architecture [4] . Quantum information based on ensembles can be realized more generally in any ensemble of strongly coupled spins [5] . Our proposal for implementing high fidelity quantum gates in ensembles is thus of interest for several different implementations of quantum computing.
The enhanced coupling to the radiation field by a factor of √ N , with N the number of atoms or spins, is useful for coupling matter qubits to single photons [6] . Combining photon coupling with local quantum gates in ensembles enables architectures with improved fidelity for quantum networking [7] . The use of ensemble qubits is also attractive for deterministic loading of registers of single atom qubits [8] [9] [10] and for realizing gates that act on multiple particles. All of these capabilities rely on high fidelity quantum gate operations between collectively encoded qubits. However, due to the dependence of the Rabi frequency of oscillations between different collective states on the number of atoms as √ N , it is difficult to perform gates with well defined rotation angles in the situation where N is unknown [11, 12] . Although there is recent progress in nondestructive measurement of N with high accuracy [13] it remains an outstanding challenge to implement high fidelity quantum logic gates without precise knowledge of N , particularly in the case of collectively encoded registers [2] where the effective value of N depends on the unknown quantum state encountered during a computation. Adiabatic passage techniques (STIRAP and ARP) have been widely used for deterministic population transfer in atomic and molecular systems [14, 15] . These techniques have been studied for quantum state control [16] , qubit rotations [17] , creation of entangled states [18] , and for deterministic excitation of Rydberg atoms [3, 19] . Although STIRAP or ARP methods provide pulse areas with strongly suppressed sensitivity to the Rabi frequency Ω N , and therefore suppressed sensitivity to N , the phase of the final state is in general still strongly dependent on N . Randomly loaded dipole trap follow a Poissonian distribution in the atom number, with relative fluctuations 1/ √ N . Indeed gate errors at the level of 10 −3 can be achieved, but would requireN ∼ 4000, and achieving full blockade for such a large ensemble remains an outstanding challenge.
In this Letter we propose double adiabatic sequences using either STIRAP or ARP excitation which remove the phase sensitivity, and can be used to implement gates on collectively encoded qubits without precise knowledge of N even for moderate size ensembles.
Method for phase compensation: Our approach is shown in Fig. 1 . The quantum register consists of individually addressed atomic ensembles in arrays of optical dipole traps or optical lattices [ Fig. 1(a) ]. The energy levels scheme for STIRAP and ARP is shown on Fig. 1(b) . A sequence of two STIRAP pulses is produced with fields having Rabi frequencies Ω 1 , Ω 2 , and detuning δ from the intermediate state. In the regime of strong Rydberg blockade, the first STIRAP (ARP) pulse deterministically prepares the ensemble in a collective state with a single Rydberg excitation, as we demonstreted in [3] . The second reverse STIRAP pulse, as shown in Fig. 1(c) , returns the Rydberg atom back to the ground state. Similar scheme can be implemented using linearly chirped ARP pulses, as shown in Fig. 1(d) .
We have studied the population and phase dynamics of the collective states of the atomic ensemble interacting with laser radiation. Calculations were performed using the Schrödinger equation, neglecting spontaneous emission, and assuming perfect blockade so only states with at most a single Rydberg excitation were included. The details of our calculations are discussed in Supplemental material. At the end of a double STIRAP sequence the population is returned back to the collective ground state |000... of the atomic ensemble, but a geometric phase is accumulated. This phase shift of the ground state is dependent on the Rabi frequency and leads to gate errors. We have found that the phase of the atomic wavefunction can be compensated by switching the sign of the detuning between two STIRAP pulses, or by switching the phase between two ARP pulses, as shown in Fig. 2 . For a double STIRAP sequence with the same detuning throughout the accumulated phase depends on N [ Fig. 2(a) ], while the phase change is zero, independent of N , when we switch the sign of detuning δ between the two STIRAP sequences [ Fig. 2(b) ]. A similar phase cancellation occurs for π phase shifted ARP pulses [ Fig. 2(c) ], which can be implemented using an acousto-optic modulator [22] . The probability of loading N noninteracting atoms in a small optical or magnetic trap is described, in general, −t 2 /2τ 2 with Ω0/2π = 2 MHz, τ = 1 µs, and linear chirp α/2π = (1/2π)(dδ(t)/dt) = 1 MHz/µs [3] .
by Poissonian statistics. ForN = 5 the probability to load zero atoms is 0.0067, which is small enough to create a large quantum register with a small number of defects [21] . Figure 3 Fig. 3(d) demonstrates reduced sensitivity to fluctuations of the Rabi frequency and has higher efficiency at lower Rabi frequencies. Although this could be an important advantage over STIRAP, implementation of single-photon Rydberg excitation is difficult due to the need of ultraviolet laser radiation and larger sensitivity to Doppler broadening [24] . For either approach the double pulse amplitudes must be well matched for low phase errors. Using a fiber delay line amplitude matching at the level of 10 −6 is feasible over the timescale of few microseconds [25] .
Gates We have developed protocols to implement quantum logic gates using phase compensated double STIRAP or ARP. Consider atoms with levels |0 , |1 , |e |r as shown in Fig. 1 . A qubit can be encoded in an N atom ensemble with the logical states |0 = |000...000 , |1 ′ = 
Relative phase f Pulse areas independent of N on the |0 ↔ |r transition can be implemented with STIRAP or ARP as described above. We will define the logical basis states and the auxiliary Rydberg state as |0 = |000...000 , |1 = e ıχN |1 ′ , and |r = e ıχN |r ′ . Here χ N is the phase produced by a single N atom STIRAP pulse with positive detuning. We assume that we do not know the value of N , which may vary from qubit to qubit, and therefore χ N is also unknown, but has a definite value for fixed N .
We find that arbitrary single qubit rotations in the basis |0 , |1 can be performed with high fidelity, without precise knowledge of N , by accessing several Rydberg levels |r 0 , |r 1 as shown in Fig. 4(a) . The equations which describe the gate sequence are discussed in Supplemental material. The final state |ψ = a ′ |0 + b ′ |1 is arbitrary and is selected by the rotation R(θ, φ), in
Depending on the choice of implementation, to be discussed below, this may be given by a one-or two-photon microwave pulse, with Rabi frequency Ω 3 . Provided states |r 0 , |r 1 are strongly interacting, and limit the number of excitations in the ensemble to one, the indicated sequence is obtained. In the regime of Ω 3 large compared to the Rydberg excitation rates the time spent populating a Rydberg level corresponds to 4π of Rydberg pulse area. This is the same as for a single atom C Z gate, and we therefore expect the limit on gate infidelity to be ∼ 0.002 [4] for small ensembles. It was shown in [3] that in a 3D lattice the number of atoms N which can be entangled at fixed error scales linearly. Although the details of the error scaling are different for ensemble qubits, for moderate size ensembles we anticipate approximately linear scaling, with a numerical prefactor that requires a detailed analysis to be given elsewhere.
The five pulse sequence we describe here is more complicated than the three pulses needed for an arbitrary single qubit gate in the approach of Ref. [1] . The reason for this added complexity is that the special phase preserving property of the double STIRAP or ARP sequences requires that all population is initially in one of the states connected by the pulses. The sequence of pulses in Fig. 4 (a) ensures that this condition is always satisfied.
To verify that our scheme preserves coherence, we have numerically modelled the sequence of two single-qubit rotations for an angle of π/2 with relative phases φ in the range 0 − π. The probability to find the ensemble in the qubit state |1 was calculated for our STIRAP-based protocol for N = 1−3 atoms and compared with the outcome of similar single-atom gate sequence applied using conventional Rabi rotations [shown as black in Fig. 4(c) ]. We have found that the probability for the ensemble to be in state |1 is independent of the number of atoms and correctly depends on the relative phase between the microwave pulses, as shown in Fig. 4(c) . In contrast, if we do not switch the detuning from the intermediate state after the first STIRAP pulse, the probability to find the ensemble in the state |1 becomes N -dependent and is inconsistent with the expected values, as shown in Fig. 4(d) .
A CNOT gate can be implemented by the sequence H(t) -C Z -H(t) [27] , where the Hadamard gates are performed as in Fig. 4(a) . The C Z operation is implemented in analogy to schemes for single atom qubits [28] mediated by Rydberg interactions, using the protocol π |1 −|r (c) 2π |1 −|r (t) π |1 −|r (c), where c(t) stand for control(target) qubits. The CNOT gate therefore requires a total pulse area of 12π Rydberg pulses. We can reduce this to 7π of Rydberg pulses as shown in Fig. 4(b) which implements an approach analogous to the amplitude-swap gate demonstrated for single atom qubits in [29] . All pulses except number 4 in the sequence are optical and are localized to either the control or target qubit. Pulse 4 is a microwave field and drives a π rotation on both qubits. As for the single qubit gate the requirement for high fidelity operation is that the interactions |r 0 ↔ |r 0 , |r 1 ↔ |r 1 , |r 0 ↔ |r 1 all lead to full blockade of the ensembles, and we refer to the supplemental material for the choice of n that fullfill this condition. Since the frequency of pulse 4, which is determined by the energy separation of states |r 0 , |r 1 , can be chosen to be very different from the qubit frequency given by the energy separation of states |0 , |1 the application of microwave pulses will not lead to crosstalk in an array of ensemble qubits.
In summary we have demonstrated that double STI-RAP and ARP sequences with phase compensation enable high fidelity quantum gates in collectively encoded ensembles. We have shown that phase compensation using this method works effectively regardless of the number of atoms N even in small atomic ensembles randomly loaded, which display a large fractional variation in N . We have presented full protocols for one-qubit and twoqubit logic gates which perform at high fidelity both in the regime of small and large ensembles. We anticipate that these ideas will contribute to realization of quantum logic using collectively encoded qubits and registers.
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QUANTUM GATE PROTOCOLS
Single-qubit rotations:
We define the ensemble states as: |0 = |000...000
(1)
|000...1 j ...000
|000...(r 0 ) j ...000
The logical states are |0 and |1 = e ıχN |1 ′ . The auxiliary Rydberg states are defined as
Starting with a qubit state |ψ = a |0 + b |1 we perform a sequence of pulses 1-5, shown in Fig. 3(a) of our Letter, giving the sequence of states
The final state |ψ = a ′ |0 + b ′ |1 is arbitrary and is selected by the rotation R(θ, φ), in step 3: a
CNOT: Starting with an arbitrary two-qubit state |ψ = a |00 + b |01 + c |10 + d |11 we generate the sequence of states |ψ 1 = a |r 00 + b |r 01 + c |10 + d |11 |ψ 2 = a |r 00 + b |r 01 + c |10 + id |1r 1 |ψ 3 = a |r 00 + b |r 01 + c |1r 0 + id |1r 1 |ψ 4 = ia |r 10 + ib |r 11 + ic |1r 1 − d |1r 0 (4) |ψ 5 = ia |r 10 + ib |r 11 + ic |1r 1 − d |10 |ψ 6 = ia |r 10 + ib |r 11 − c |11 − d |10
The gate matrix is therefore
which can be converted into a standard CNOT gate with a single qubit rotation.
THE NUMERICAL MODEL
We study the population and phase dynamics of the collective states of the atomic ensemble which consists of N atoms. The vector of the probability amplitudes is denoted as a (t). We solve the Schrödinger equation for the vector a, neglecting spontaneous emission [1] :
STIRAP:
The atoms in the model have three levels |0 , |e , |r . For double STIRAP sequence the matrix of the Hamiltonian is constructed from the matrix elements of the operator of dipole interaction of the atomic ensemble with two laser fields Ω 1 (t) , Ω 2 (t). Full dipole blockade is represented by complete removal of the amplitudes of the collective states with more than one Rydberg excitation a rr from the equations.
As an example, we consider the ensemble which consists of two atoms. The vector of the amplitudes is written as
In the rotating wave approximation for exact two-photon resonance the Hamiltonian is written as
The system of equations for the probability amplitudes:
Adiabatic rapid passage: The atoms in the model have two levels |0 , |r . In the case of perfect blockade the system of equations describing double sequence of ARP pulses for two atoms is written as:
We numerically calculate |a 00 (t)| 2 and arg |a 00 (t)| to show that population inversion is complete and geometric phase is compensated.
Account for finite lifetimes. The finite lifetimes of the intermediate state |e and Rydberg state |r are taken into account using the density-matrix approach, which was applied to an ensemble of interacting atoms. We have considered transition |e → |0 as closed (the spontaneous decay from the state |e populates the state |0 only) and transition |r → |e as open (the spontaneous decay from the state |r does not populate the states |e , |0 )
We have solved the master equation:
The Liouvillian superoperator is written as
HereL j eg ρ = The density matrix for ensemble containing two atoms is written as ρ = aa † . The Liouvillian superator for two interacting atoms in the blockade regime can be written as:
2ρ e0,e0 + 2ρ 0e,0e 2ρ e0,ee − ρ 00,0e 2ρ e0,er 2ρ 0e,ee − ρ 00,e0 −2ρ 00,ee −ρ 00,er 2ρ 0e,re −ρ 00,re 2ρ ee,0e − ρ 0e,00 2ρ ee,ee − 2ρ 0e,0e 2ρ ee,er − ρ 0e,0r −2ρ 0e,e0 −3ρ 0e,ee −2ρ 0e,er −ρ 0e,r0 −2ρ 0e,re 2ρ er,e0 2ρ er,ee − ρ 0r,0e 2ρ er,er −ρ 0r,e0 −2ρ 0r,ee −ρ 0r,er 0 −ρ 0r,re 2ρ ee,0e − ρ 0e,00 −2ρ e0,0e −ρ e0,0r 2ρ ee,ee − ρ e0,e0 −3ρ e0,ee −2ρ e0,er 2ρ ee,re − ρ e0,r0 −2ρ e0,re −2ρ ee,00 −3ρ ee,0e −2ρ ee,0r −3ρ ee,e0 −4ρ ee,ee −3ρ ee,er −2ρ ee,r0 −3ρ ee,re −ρ er,00 −2ρ er,0e −ρ er,0r −2ρ er,e0 −3ρ er,ee −2ρ er,er −ρ er,r0 −2ρ er,re 2ρ re,0e −ρ r0,0e 0 2ρ re,ee − ρ r0,e0 −2ρ r0,ee −ρ r0,er 2ρ re,re −ρ r0,re −ρ re,00 −2ρ re,0e −ρ re,0r −2ρ re,e0 −3ρ re,ee −2ρ re,er −ρ re,r0 −2ρ re,re
−ρ 00,0r 0 0 −ρ 00,er −ρ 00,r0 −ρ 00,re 0 0 −ρ 0e,0r 0 0 −ρ 0e,er −ρ 0e,r0 −ρ 0e,re −ρ 0r,00 −ρ 0r,0e −2ρ 0r,0r −ρ 0r,e0 −ρ 0r,ee −2ρ 0r,er −2ρ 0r,r0 −2ρ 0r,re 0 0 −ρ e0,0r 0 0 −ρ e0,er −ρ e0,r0 −ρ e0,re 0 0 −ρ ee,0r 0 0 −ρ ee,er −ρ ee,r0 −ρ ee,re −ρ er,00 −ρ er,0e −2ρ er,0r −ρ er,e0 −ρ er,ee −2ρ er,er −2ρ er,r0 −2ρ er,re −ρ r0,00 −ρ r0,0e −2ρ r0,0r −ρ r0,e0 −ρ r0,ee −2ρ r0,er −2ρ r0,r0 −2ρ r0,re −ρ re,00 −ρ re,0e −2ρ re,0r −ρ re,e0 −ρ re,ee −2ρ re,er −2ρ re,r0 −2ρ re,re
Decay of the intermediate state leads to breakdown of STIRAP in ensemble of interacting atoms if the detuning is not sufficiently large. Decay of the Rydberg state reduces the fidelity of deterministic single-atom excita-tion.
STIRAP-based quantum gates: Validity of the phase compensation for the single-atom gate is additionally checked by numerical study of the result of the sequence of two single-qubit π/2 rotations with different phases. For this purpose, we included two additional levels |1 , |r 1 (the state |r is now denoted as |r 0 ). The collective states with more than one either r 0 or r 1 excitation (i.e. a r0r0 , a r1r0 , a r1r1 ) are removed from the equations. Below we present the equations used to simulate a single-qubit rotation using STIRAP in the ensemble consisting of a single atom:
Here the π pulse Ω R drives |1 → |r 1 transition and Ω G is an arbitrary Rabi rotation R (θ, ϕ) at |r 0 → |r 1 transition. Here we take into account that the Rabi frequency Ω G can be a complex value. The extension to multi-atom ensembles is done in the way similar to Eq. 6. The population of the state |1 is calculated at the end of the pulse sequence as function of the phase difference between two π/2 pulses. We have compared it with the outcome of conventional Ramsey-like sequence of π/2 pulses in simple two-level qubit. Similar dynamics was observed only if switching of STIRAP detuning is applied.
EXPERIMENTAL IMPLEMENTATION
We now discuss the feasibility of implementation of these gate protocols in a Rydberg blockaded ensemble. To get an isotropic interaction suitable for ensemble blockade we use ns states [5] . The long range interaction strength can be parameterized with a C 6 coefficient as V (n, n ′ ) = C (n,n ′ ) 6 /R 6 with R the atomic separation. For Cs ns states the optimum gate fidelity is obtained for 80s [4] , and the interaction strengths for |r 0 = |80s 1/2 , m = 1/2 , |r 1 = |81s 1/2 , m = 1/2 are C 6 MHz µm 6 . Rydberg ns states can be accessed starting from a ground s state using two-photon STIRAP pulses. These ns states can also be excited with twophoton ARP pulses where one photon is fixed frequency and one is chirped. Alternatively single photon ARP pulses can be used to access np states. Although the interaction of np states is not isotropic it can be made isotropic in lower dimensional 1-or 2-D lattices by orienting the quantization axis perpendicular to the lattice symmetry plane. For Cs the optimal state is 112p 3/2 [4] , and the interaction strengths for |r 0 = |112p 3/2 , m = 3/2 , |r 1 = |113p 3/2 , m = 3/2 at 90 deg. to the quan- = 270., in units of 10 6 MHz µm 6 . We see that for both ns and np states a strong interaction is obtained for all involved Rydberg states as desired. The pulse connecting |r 0 , |r 1 can be implemented as a 2-photon electric dipole transition at microwave frequencies via a neighboring opposite parity state. The large transition dipole moments of Rydberg states scaling as n 2 ea 0 (e is the electronic charge, a 0 is the Bohr radius) render fast microwave pulses straightforward to implement. At n = 80, a detuning of 1 GHz from the intermediate state, and a very modest 1 µW/cm 2 microwave power level, gives ∼ 25 MHz two-photon Rabi frequency.
The requirements for gates that are insensitive to the value of N are within reach of current experimental capabilities. Optimization of the Rabi frequency and a rigorous determination of the gate fidelity could be found following the methods of Ref. [4] . These collective gates require more Rydberg pulses than single atom gates which will result in different choices for the Rabi frequencies and optimal quantum numbers n compared to the values used for illustration above which are optimal for single atom qubits. The finite strength of dipole interaction may lead to blockade breakdown. If interaction energy is sufficiently large to prevent multiple Rydberg excitations regardless of the fluctuations of spatial position of the atoms in the ensemble, which could be taken into account using Monte-Carlo simulations [3, 6] , our method remains feasible. The collective gates do require that N does not change during the operation of the gate. In any realistic implementation with trapped atoms gate times are significantly shorter than atom loss times, so this is not an issue. On longer time scales atom loss leads to qubit errors at a physical level, as is also true for a single atom encoding. Ideas for correcting physical errors due to atom loss in ensembles have been presented in Ref. [7] . Scalable quantum registers based on atomic ensembles could be created using arrays of optical dipole traps or magnetic traps on magnetic field atom chip [8] .
